I. INTRODUCTION
In extra-dimensional scenarios, some developments with large extra dimensions have gained considerable attention. Domain wall model [1] and Randall-Sundrum (RS) II model [2] are two typical examples of them. Rubakov and Shaposhnikov showed that fermions can be confined inside a domain wall generated by a scalar field in the absence of gravitation [1] . While Randall and Sundrum proposed that four-dimensional matter fields are confined on a thin brane embedded in five-dimensional anti-de Sitter (AdS) space-time [2] . It was also shown that the zero mode of the graviton is localized on the brane and contributes to the Newtonian potential, while the KaluzaKlein (KK) modes of the graviton lead to corrections to the Newtonian potential. However, in the original RS II model, the brane is singular as the bulk curvature scalar is divergent at its location, and the extrinsic curvature satisfies the Israel junction conditions on the brane. Such conditions are generally not applicable or feasible for some higher-derivative theories of gravity [3] . These considerations have stimulated the development of thick brane models by considering the thickness of brane (for early works see Refs. [4] [5] [6] [7] [8] [9] [10] [11] [12] ). In fact, the thick brane scenario is a natural generalization of domain wall model and RS II model. For reviews of topics related to the thick brane scenario, see Refs. [13, 14] .
Some thick brane models in general relativity (GR) have been discussed, and trapping of various matter fields is realized on the brane. Although GR is widely accepted as a fundamental theory to describe the geometric properties of space-time, there are early attempts beginning in the 1920's by Weyl and Eddington who started to consider higher-order modifications of GR. Since then, modified theories of gravity have been explored in different ways (for reviews see [15] [16] [17] ).
In higher-order theories of gravitation, f (R) theory which has achieved great successes was applied to the thick brane scenario [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . The thick brane scenario has also been explored from other perspectives, such as scalar-tensor theory, K-field (a non-canonical scalar field) theory [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] .
K-field theory have offered an alternative mechanism for early time inflation [47] [48] [49] [50] , and were also discussed in topological defects. Whether the Lagrangian of the non-canonical scalar field yields to other extensions considering gravitation or not is worth to verify. A natural treatment is f (R, φ, X) gravity [17] [18] [19] which abandons any assumptions on the theory of gravitation with the exception of being second-order and includes f (R) gravity, general scalar-tensor gravity, and noncanonical scalar field theories. We expect to investigate thick branes in f (R, φ, X) gravity. Such a theory contains the departures from minimal coupling theories, canonical scalar field theories, and second-order derivative theories, etc. It would be interesting to study the effects on braneworld models, both on the background structure and the perturbations.
It is well known that the configuration and stability of thick branes are two significant issues.
Firstly, brane systems should be stable at least under linear perturbations. Furthermore, to coincide with gravitational experiments, the four-dimensional Newtonian potential should be recovered, which indicates that the zero mode of the graviton is localized on the brane. To this end, we investigate the stability of tensor perturbations and the localization of the graviton. With regard to thick brane configurations, they are usually suggested as topological defects, such as domain walls (kink-like configurations). It is known that kinks or domain walls are the simplest solitons and hence they are invaluable for learning about non-perturbative aspects of field theories [51] . Soliton solutions have been found for thick branes generated by one or more scalar fields, see Refs. [5-7, 20-22, 24-26, 33-37, 39-43, 52] or reviews [13, 14] and references therein. However, as the equations of motion of solitons and of gravitational field are generally non-linear and even higherorder in f (R, φ, X) gravity, some effective approaches necessarily are proposed to obtain analytical brane solutions. Reconstruction techniques which are extensively employed in cosmology are effective approaches for this purpose. For instance, a reconstruction technique has been applied to explore a general Friedmann-Lemaître-Robertson-Walker domain wall universe [53] . In this paper, we seek for the original actions starting from the configurations of thick branes in f (R, φ, X) gravity by means of another reconstruction technique. We suppose that the scalar field has a domain wall configuration and the warp factor is a smooth function. As we will demonstrate, thick brane configuration with a non-canonical scalar field is supported in f (R, φ, X) gravity. This paper is organized as follows. In section II, we consider a general action in fivedimensional space-time and give the general equations of motion in the flat thick brane scenario. In section III, we show that f (R, φ, X) thick branes are stable against the tensor perturbations. In section IV, we investigate the f (R, φ, X) thick brane with a domain wall configuration.
In section V, we analyze the localization of the zero mode of the graviton for a specific form of f (R, φ, X). In section VI, the effects of the massive KK modes of the graviton to the Newtonian potential is discussed for the f (R, φ, X) thick brane with a domain wall configuration. Finally, discussion and conclusions are given in section VII.
II. ACTION AND FIELD EQUATIONS
Consider the following five-dimensional action within the context of the generalized modified theories of gravity, the f (R, φ, X) gravity [17] [18] [19] ,
where κ 5 is the five-dimensional coupling constant, and f (R, φ, X) is an arbitrary function of the curvature scalar R, scalar field φ, and kinetic term X = − The variations of action (1) with respect to the metric g MN and the scalar field φ respectively yield the following field equations
Here
In this paper, we are interested in static flat branes with four-dimensional Poincaré symmetry, for which the line element is given by
where e 2A(y) is the warp factor, η µν is the four-dimensional Minkowski metric, and y = x 5 is the extra-dimensional coordinate. Note that the warp factor e 2A(y) and the background scalar field φ are merely functions of y for static flat branes. Denoting a(y) = e A(y) and using the metric ansatz (4), Eqs. (2) and (3) are reduced to
and
respectively, where the prime denotes the derivative with respect to the extra-dimensional coordinate y. It is worth pointing out that, however, only two equations are independent in Eqs. (5) and (6) . Before seeking solutions of these brane systems, we analyze the tensor perturbations in the following section for addressing the localization of the graviton.
III. TENSOR PERTURBATIONS
The perturbation to the metric (4) can be decomposed into three kinds of modes, namely the transverse-traceless (TT) tensor modes, transverse vector modes, and scalar modes. To linear order, the three kinds of modes are decoupled from each other, one can treat them separately [10] [11] [12] 54] . In the following, we investigate the linear stability of the TT tensor perturbations.
We consider the following tensor perturbations:
or
where a 2 (y)h µν is the linear part of the tensor perturbations. From Eq. (8), one has
Here δ refers to the linear order perturbations. The inverse of the metric perturbation (8) takes the
where h µν = η µρ η νσ h ρσ . The linear tensor perturbations h µν depend on all the coordinates, i.e.,
Taking Eqs. (8) and (10) into account, the linear perturbations of the Ricci tensor and curvature scalar are obtained as
where (4) = η µν ∂ µ ∂ ν is the four-dimensional d'Alembert operator, and h = η µν h µν .
Generally, the equation (2) for the linear tensor perturbations is arrived at
Since f = f (R, φ, X) is a function of R, φ, and X, the f (R, φ, X) for the linear tensor perturbations is derived as
It is easily found that δ f R , δ f φ , and δ f X are determined in the same way as Eq. (13).
With the help of the expansions of
where
Alembert operator, one writes the two terms
According to the TT conditions
Eq. (11) is simplified as
With the above result δR = 0, one has
Then, the µν-
, and δG MN can be calculated as
Substituting Eqs. (18) and (19) into Eq. (12), one gets the µν-components of the perturbed field equation:
Thus, we eventually arrive at the main equation for the tensor perturbations by noticing Eq. (5a):
which can also be written as
With the coordinate transformation dz = a −1 dy between the coordinate z and y, Eq. (21) turns
Next, we perform the KK decomposition
Then we obtain the Klein-Gordon equation for the four-dimensional part
and the Schrödinger-like equation for the extra-dimensional part ψ(z):
Here the effective potential W(z) has the following form
with Ω = 3 2
The equation (25) can be factorized as ΘΘ † ψ(z) = m 2 ψ(z) with
Hence, the factorization of the Schrödinger-like equation ensures that there is no the gravitational tachyon mode with m 2 < 0. In other words, the system is stable against the tensor perturbations (7) under the condition of f R > 0. It should be addressed that f is an arbitrary function of R, φ, and X, [42] , which are respectively corresponding to the f (R) thick branes, scalar-tensor thick branes, and K-field thick branes generated by the background scalar field φ.
The linear tensor perturbations are stable as previous works [28, 29] , while our case includes the non-minimal coupling between the non-canonical scalar field and gravitation. Actually, the equation of the tensor modes remains second-order, whereas the equation for the scalar modes is fourth-order. From this point of view, there is no modification to the tensor part. However, as we will show in sections V and VI, the behavior of gravitons is definitely modified because of the background structure. This can be seen from Eqs. (25) and (26), which contain the contribution from the background quantities φ and X.
IV. f (R, φ, X) THICK BRANE SOLUTIONS
In (1 + 1)-dimensional field theory, a canonical scalar field has static kink solutions [55] . According to Derrick's theorem [56] , if the number of spatial dimensions is larger than one, there are no static solutions of a canonical scalar field with finite energy. For the sake of obtaining domain wall solutions, three possibilities were considered in the works of other authors:
• static solutions of a non-canonical scalar field with finite energy [57] ;
• non-static solutions of a canonical scalar field with finite energy [58] ;
• static domain wall solutions of a canonical scalar field with infinite energy [51] .
It should be mentioned that Rubakov and Shaposhnikov have found a static domain wall solution of the φ 4 scalar field model whose kinetic term is canonical in five-dimensional flat space-time [1] .
The domain wall solution of the scalar field takes the kink-like form φ(y) = v tanh(ky), which is only a function of the extra-dimensional coordinate y. Nevertheless, it suffers from a drawback that gravitation is not considered in the theory. The φ 4 model of a canonical scalar field in GR
have not yet found an analytic domain wall solution. Furthermore, the containing of curvature corrections, such as f (R) = R + βR 2 gravity [22] , Euler-Gauss-Bonnet combination [59, 60] , leads to analytic smooth solutions. Hence, the adding of higher curvature terms is an effective way to explore domain walls.
In this section, we investigate whether the generalized f (R, φ, X) gravity theories support domain wall configurations. We firstly postulate an abstract form of f (R, φ, X) in action (1) from theoretical consideration. Essentially, general coordinate covariance does not forbid including non-minimal coupling invariant terms which are vanishing in flat space-time. Such terms in the action describe the non-minimal coupling between the scalar field and gravitation [61] . Furthermore, we suppose that the non-canonical scalar field generates the thick brane. One typical model under such constraints may be written in the following form
where K(X) is an arbitrary function of the canonical kinetic term X and V(φ) is the potential of the scalar field φ. In general, regarding p(φ) [33] and q(R) [16] as a series expansion, namely
where the coefficients γ i and β i have appropriate dimension, one may find that the action contains a number of phenomenologically interesting terms. In what follows, for simplicity, we restrict the general functions p(φ) and q(R) to be a quadratic function in φ and the linear and quadratic terms of R, respectively. Therefore, a typical form of f (R, φ, X) in action (1) is given by
where α and β are arbitrary parameters.
By substituting the form of f (R, φ, X) in (32) into Eqs. (5) and (6), we can obtain the explicit forms of the field equations. It is clear that there are four unknown quantities but only two independent field equations. Therefore, we give two of them and solve the other quantities. One usually gives the forms of K(X) and V(φ). However, the equation (5a) for the warp factor a(y) is fourth-order and hence is hard to be solved. In order to find out analytic brane solutions, we give the following a(y) and φ(y) and solve K(X) and V(φ):
Note that the above warp factor indicates that the bulk space-time is asymptotically AdS, which is essential for the localization of gravitation. The kink-like configuration (34) is a typical form of domain walls. The warp factor and scalar field are depicted in Fig. 1 . In order to display the trend of a(y) and φ(y), we introduce the dimensionless quantitiesỹ = ky, a(ỹ) = cosh −n (ỹ), and φ(ỹ)/v = tanh(ỹ) in Fig. 1 . It is clear that the warp factor diverges if n < 0 and converges if n > 0, and the scalar field is a configuration of kink. 
The potential V in Eq. (35b) is shown in Fig. 2 in both the φ and y coordinates. One can also obtain a simple form of f (R, φ, X) by rescaling the scalar field. Note that the scalar field considered here is non-canonical.
For demonstrating the validity of the reconstruction technique, we illustrate whether the action of the domain wall in five-dimensional flat space-time is recovered or not. Taking the limit n → 0 which implies that the five-dimensional space-time tends to be flat, one will find the following result (c = 0) 
The legend of the parameters α and β is given in Fig. 2(b) . The parameters are set to k = 0.25, v = 1, c = 0, and n = 1.
Therefore, the assumption (32) would reduce to f (R, φ,
given by (36) . It is demonstrated that the domain wall solution (34) In what follows, we consider the non-canonical scalar field interacting with gravitation. Note that for the special case of α = 0, β = 0, and c = 0, the solution (35) is simplified as
and f (R, φ, X) reduces to
which is just the case of GR with the non-canonical scalar field. It is demonstrated, in the GR case, that the domain wall solution (34) can not be sustained with the non-canonical kinetic term (37a) and the scalar field potential (37b).
Next, we consider two other kinds of f (R, φ, X) with α = 0, β 0 and α 0, β = 0. The former leads to the f (R) gravity with f (R, φ, X) = (R + βR 2 ) + K(X) − V(φ), and the latter is the scalar-tensor gravity with f (R, φ,
In the case of α = 0, we have
where the coefficients A Xβ , B Xβ , C Xβ , A φβ , B φβ , and C φβ are related to the parameters β, k, v, and c, but are clearly irrelevant to α. For the second case, f (R, φ,
where all the coefficients are irrelevant to β.
Furthermore, if we consider the higher-order terms of φ and R in p(φ) and q(R), one will have more complicated K(X) and V(φ).
V. LOCALIZATION OF THE MASSLESS GRAVITON
From the Schrödinger-like equation (25), the zero mode of the graviton possesses the following
where N 0 is the normalization constant.
It should be noted that the condition f R > 0 must be satisfied in order to avoid the presence of ghost fields. Therefore, the range of values of the parameters α, β, k, v, and n should be suppressed by the condition f R > 0. Generally, supposing that the warp factor meets the relation a(y) = cosh −n (ky), and taking notice of the scalar field in Eq. (34) and the particular form of f (R, φ, X) in Eq. (32), f R (y) has the following form
Here, we introduce the dimensionless parametersỹ = ky,ẽ = αv
From Eq. (43), one may prove that the conditionsẽ −1 and − 1 16n g 1 40n 2 guarantee that it is ghost-free, as shown in Fig. 3 . Two critical lines are plotted in Fig. 3(a) , which are corresponding to the two sets of parametersẽ = −1,g = −1/16, andẽ = −1,g = 1/40. In fact, ifẽ andg exceed the domain ofẽ −1 and − 1 16n g 1 40n 2 , the system inevitably arises ghosts due to the violation of positivity of f R , and two examples for the ghost are shown in Fig. 3(b) . In order to localize the zero mode on the brane, ψ 0 (z(y)) should satisfy the normalization condition
which is indeed finite when n > 0. In other words, the normalized zero mode can be achieved for n > 0. Hence, the observable four-dimensional gravity is recovered on the brane.
Consequently, we conclude that the zero mode of the graviton is localized on the brane if n > 0 in the case of f (R, φ,
Furthermore, one may verify that the zero mode of the graviton is localized on the brane if
with the finite terms of expansion of p(φ) and q(R) in Eqs. (31) . In addition, it is worth noting that f R > 0 is necessary in order to avoid the presence of ghost fields for the arbitrary form of f (R, φ, X).
VI. MASSIVE KK MODES OF THE GRAVITON
In this section, we discuss the effects of the graviton KK modes for the form of f (R, φ, X) in Eq. (32) . The effective potential (26) can be transformed as
in the coordinate y. The effective potentials in Eqs. (46) and (26) and the zero mode of the graviton in Eqs. (41) and (44) are depicted in Fig. 4 , for instance taking a(y) = cosh
in the z coordinate). As shown in Fig. 4 , the effective potentials allow a localized zero mode ψ 0 (z) which is responsible for the four-dimensional Newtonian potential, and a series of continuous massive KK modes ψ m (z) which correct the Newtonian potential. (46) and (26), and ψ 0 (ỹ) and ψ 0 (z) are the zero mode of the graviton in Eqs. (44) and (41), respectively. Hereẽ = 2, andg = Comparing to the correction of the Newtonian potential in the f (R) = R+βR 2 case [22] , we plot the effective potential W(ỹ)/k 2 in Fig. 5 , from which we find that the potential well will gradually split into two wells and a potential barrier located near y = 0 will appear with the increasing ofẽ or the decreasing ofg (for smallẽ). Furthermore, the mass gap depends on the asymptotic behaviour of the effective potential at infinity. the effective potential decays as 1/z 2 at infinity, and approaches to 0. So any massive states would be excited states, which go like plane waves, and there is no mass gap. The correction to the Newtonian potential for the f (R, φ, X) = (1+αφ 2 )(R+βR 2 )+K(X)−V(φ) case with smallẽ around zero is similar to the f (R) = R + βR 2 case, i.e., the correction ∆U(r) ∼ 1/r 3 [22] . into a supersymmetric form which results in no the gravitational tachyon mode with normalizable negative energy, and therefore the brane systems are stable against the tensor perturbations under the condition f R > 0. This conclusion indicates that the linear stability of the tensor perturbations for f (R, φ, X) thick branes can be applied to a wide range of thick brane models such as f (R) thick branes, scalar-tensor thick branes, and K-field thick branes.
In order to obtain domain wall configurations, we found a typical form of f (R, φ, X) = (1 +
by performing the reconstruction technique that one can find the original action by substituting the solution of the warp factor and scalar field into the general equations of motion. Clearly, this form can degenerate into f (R), scalar-tensor, and GR with the non-canonical scalar field. These results imply that non-canonical scalar fields are of significance for thick branes. As shown previously, the reconstruction technique is an alternative approach to explore new brane configurations.
For the case of f (R, φ, X) = (1+αφ 2 )(R+βR 2 )+K(X)−V(φ) and a(y) = cosh −n (ky), the graviton zero mode can be localized on the brane for the condition n > 0. We obtained the conditions which avoid the presence of ghosts. In fact, the zero mode of the graviton is invariably localized if n > 0 (33) , and (34) . From the form of f (R, φ, X) (32), one may calculate: 
where the superscript (i) (i = 3, 4, · · · ) denotes the i-th order derivatives with respect to y. They are functions of y only. One can obtain the concrete form of Eqs. (5) and (6) 
by taking the assumption (32) into account. However, only two equations are independent in three non-linear differential equations (48) and (49) where the highest-order derivatives are fourth-order and second-order respectively with regard to the warp factor and scalar field. Fortunately, we concentrate on K and V rather than the warp factor and scalar field because of employing the reconstruction technique. One finds that the highest-order derivatives are explicitly second-order and zero-order with regard to K and V. For the sake of simplicity, we use equations (48) to work out K and V and use equation (49) to verify the solutions. Note that we preset the warp factor and scalar field as (33) and (34) . We obtain 
